The five (5) families of quadrature rules with periods of one or two intervals for the real line and spline classes C 0 , C 1 are presented. The formulae allow one to calculate the points and weights of these quadrature rules in a very simple manner as for the classical Gauss-Legendre rules.
Introduction
In [1] , [2] and [4] some quadrature rules for the real line and low degrees are presented. These rules have a period of one or two intervals (the so called "1/2 rules" with two different numbers of points in the two intervals). In this paper, the quadrature rules for the real line and all degrees D, are derived from the explicit formulae given in [3] . First, the fixed points of the so called recursion maps are determined. Second, these fixed points are used to derive the polynomials (as sum of Gegenbauer polynomials), whose roots define the points, and to calculate the assigned weights. As expected for each of the cases, continuity class C 0 /C 1 of even/odd degree exists with 1 quadrature rule (altogether 4 families). The surprising exception is class C 1 , of odd degree, with an additional second quadrature rule. This additional quadrature rule has slightly lower coefficients in the error term than the family with a point at the end of the interval. As the degree D → ∞, these two quadrature rules converge to a common rule.
2. C 0 quadrature rules for the real line Let C n (x) be the following Gegenbauer orthogonal polynomials for the weight function (1 − x 2 ).
2.1. Odd degree D = 2n − 1, periodic with two intervals, the "1/2 rules"
The rule has a period of 2 intervals, define the first interval by:
Let the n points of this interval be:
Let the n weights be:
Define the second interval by:
Let the n − 1 points of this interval be:
. . , x n−1 = the roots of the polynomial R n−1 (x) (2.1.9)
Let the n − 1 weights be:
For low n, these are the well-known S 2n−1,0 quadrature rules for the real line (see [2, pp. 18-21] for the cases n = 3, 4, 5).
Even degree D = 2n, periodic with one interval
The rule has a period of 1 interval, define this interval by:
Note that in the formula for δ in (2.2.1) both signs of the square root can be choosen, this rule has no reflection symmetry and changing the sign is equivalent to a reflection.
3. C 1 quadrature rules for the real line Let C n (x) be the following Gegenbauer orthogonal polynomials for the weight function ( 
3.1. Odd degree D = 2n + 1, periodic with one interval For this case, there exist two quadrature rules.
The first quadrature rule with a point at the end of an interval
. . , x n = the roots of the polynomial R n−1 (x) (3.1.4) Let the n weights be:
2 n 2 + 6 n + 1 3 n (n + 1) (n + 2) (n + 3) (3.1.5)
For low n, these are the well-known S 2n+1,1 quadrature rules for the real line (see [2, pp. 13-17] for the cases n = 2, 3, 4).
Remark to a proof of this rule: Using the Fundamental Theorem (FT) for Gaussian quadrature with the weight function ω = (1 − x 2 ) 2 and n − 1 points we get (3.1.4) and (3.1.7), when we insert the additonal factor (1 − x 2 i ) 2 in the denominator of the weight. This additional factor is is necesary because the FT states for the weighted integral ω(x)h(x)dx = w i h(x i ). But we want to interpret ω(x)h(x) as spline functon with a support of 1 interval and want to evaluate in the sum at this spline function instead of an evaluation of h(x i ). These n − 1 points/weights allow the exact calculation for the splines with a support of 1 interval up to the degree: n − 1 (the degree of C n−1 ) + n − 2 (all C 0 ... C n−2 are orthogonal to C n−1 ) + 4 (the degree of the weight function) = 2n + 1 (the neccesary degree for a Gaussian rule). The additional point at -1 does not change anything for the support 1 splines, they are 0 at x = -1. Because these n − 1 points are reflection symmetric the quadrature for the odd spline with support 2 is also correct. The weight w 1 can now be determined so that the quadrature for the even spline with support 2 is correct too. But for me the value (3.1.5) of w 1 is far from being obvious (if you have a simple proof, please let me know).
The second quadrature rule
(3.1.10) A = 2 (n − 1) (n + 1) (n + 2) (2 n + 1) (2 n + 3)
. . , x n = the roots of the polynomial R n (x) (3.1.12)
Note that in the formulae for δ in (3.1.8) and the following (3.2.1) only the positive square root is to be choosen, because using the negative square root results in some roots of R n (x) falling outside the interval [-1, +1] and so results in no quadrature rule.
Even degree D = 2n, periodic with two intervals -the "1/2 rules"
The rule has a period of 2 intervals, define the first interval by: δ = 3 n (n + 2) (n 2 + 2 n − 2) (3.2.1)
Let the n points of this first interval be:
. . , x n = the roots of the polynomial R n−1 (x) (3.2.5)
This interval has n − 1 points, which are the reflection at 0, i.e x i → − x i of the points x 2 , . . . , x n of the first interval. ( . . . ) 1. in the following formulae on the rhs means: take in the bracket the points/weights of the first interval Let the n − 1 points of this interval be:
Let the n − 1 weights of this interval be:
For low n, these are the well-known S 2n,1 quadrature rules for the real line (see [4, p. 308] for the "two-third" quartic case n = 2 and [1, p. 19] for the "two-and-half" sextic case n = 3).
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Appendix A. The rules as code for the Computer Algebra System MAPLE A quadrature rule is displayed in the form:
.. ], a list of lists in the langauge of CAS's. If the rules can be presented by (nested) square roots, the algebraic numbers are given. Otherwise, we give 25 significant digits of the float representation.
For rules with a period of one interval the points/weights, calculated with the formulae above, are scaled to the interval [0, 1] . For rules with a period of two intervals the points/weights are scaled to [0, 1] and [1, 2] . When implementing the above formulae do not forget to scale the weights with interval length / 2. A = 2 * n * (n + 1) * (n + 2) / 9; w[1] = 16 * (2 * n^2 + 6 * n + 1) / (3 * n * (n + 1) * (n + 2) * (n + 3)); # # second quadrature rule, see section 3.1.2. delta = sqrt (3 * (n^2 + 3 * n -1) / n / (n + 3)); R[n] = (n -1) * (2 * n^2 + 2 * n -3) * C[n] -(n + 3) * (2 * n^2 + 6 * n + 7 -2 * (2 * n + 3) * delta) * C[n -2]; S[n + 1] = n * (6 * n^2 + 6 * n -3 + 2 * (2 * n + 1) * delta) * (1 + x^2) * C[n -1] + (2 * n^2 + 6 * n + 1) * (-4 * (2 * n + 1) * x * C[n -2] + (n + 2) * (1 + x^2) * C[n -3]); A = 2 * (n -1) * (n + 1) * (n + 2) * (2 * n + 1) * (2 * n + 3) * (2 * n^2 + 2 * n -3) * (2 * n^2 + 6 * n + 1) / 9; # # C1, periodic with 2 intervals, even degree 2 * n, "1/2 rules" # see section 3.2. # delta = sqrt (3 * n * (n + 2) * (n^2 + 2 * n -2)); # 1. interval with n points R[n -1] = (n -1) * (2 * n^2 + 2 * n -3) * C[n -1] + (2 * delta + 3 -n -6 * n^2 -2 * n^3) * C[n -2]; S[n -2] = (3 * (n + 2) * (2 * n^2 -1) -2 * delta) * C[n -2] + (n + 2) * (2 * n^2 + 2 * n -3) * C[n -3]; A = 2 * (n -1) * n * (n + 1) * (n + 2) * (2 * n + 1) * (2 * n^2 + 2 * n -3)^2 / 9; w[1] = 8 * (2 * n^2 + 4 * n -3) * (2 * n^4 + 8 * n^3 + 4 * n^2 -8 * n -3 -delta) / (3 * (n -1) * n * (n + 2) * (n + 3) * (2 * n + n^2 -2) * (n + 1)^2); # 2. interval with n -1 points # n -1 points of the first interval reflected, without the first point at -1 Appendix B. Visualisation of the quadrature rules [1, 2] i.e. odd degree D = 2n − 1 = 39, the rule has reflection symmetries at the interval midpoints. Figure B .4: c = 1, the weights of rule 3.2., rule with n = 20 points in [0, 1] and 19 points in [1, 2] i.e. even degree D = 2n = 40, the rule has reflection symmetries at the interval boundaries.
